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ABSTRACT

Using Monte Carlo simulations we produce several micralemamplification maps for each of
the four images of the quasar QSO 2237+0305. With FFT alyostwe convolve the maps with
the filters representing sources of different sizes andasarbrightness distributions. The cuts of the
convolved maps represent fragments of synthetic lightesifer corresponding sources. Since FFT
method is not time consuming we can examine large numbersgfscand obtain several statistical
characteristics of image variability. A simple test inviolg the measured amplitude of the apparent
QSO variability duringa 5 years of OGLE Il observations gives an estimate of thetisaaource
velocity, 4000+ 2000 km/s.
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1. Introduction

The quasar Q2237+0305 (the Einstein Cross) (Huehi@. 1985) is the best
known example of microlensing induced variability. Theigaility was discov-
ered by Irwinet al. (1989), who were followed by many observers monitoring the
four QSO images. The Optical Gravitational Lensing Experitrobservations of
the source provide the most extensive database coveringetmons 1997-2000
(Wozniaket al. 2000a,b) and 2001 to the present, with measurements every fe
days.

The variability observed in Q2237+0305 can be used to veribdels of the
source as well as small scale mass distribution in the iaténg galaxy. Some lim-
its on the source size and structure and its dependence ovatiedengths consid-
ered have been obtained with the help of small amount of ghgens (Rauch and
Blandford 1991, hereafter RB91, Jaroaski, Wambsganss and Pabtski 1992,
hereafter JWP92, Czerny, Jarogzli and Czerny 1994, Jaroswki and Marck
1994). The investigation of the influence of the source samgcon light curves
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is still in progress €.g, Wyithe et al. 2000, Yonehara 2001, Wisotz&t al. 2003,
Moustakas and Metcalf 2003, Chartetsal. 2004, to cite a few). In this approach
we take the simplified view of Mortonson, Schechter, and Wagabss (2005), who
infer that the source size as measured by the half light sadithe most important
parameter of its structure, while the detailed distribatasd radiation intensity has
only secondary meaning, at least for statistical invesitigeof light curve proper-
ties. While a better knowledge of source models is certamportant in investiga-
tion of high magnification events like caustic crossingwiétailed observations,
the source size alone is sufficient when investigating tlaioms between variabil-
ity amplitudes (and similar characteristics) of the diéfier Q2237+0305 images,
which is the aim of this paper.

A direct modeling of the microlensing variability of the QZ2+0305 images is
a very difficult and time consuming task. Such approach has bpplied with suc-
cess by Kochanek (2004) to the OGLE Il data (Wozréakl.2000a,b). Kochanek
constructs huge number of Monte Carlo simulated magnifioatiaps with differ-
ent mass distributions of the microlenses and differenvsaietween the discrete
and smooth mass surface density. Also the relative velamiyrce size and shape
can vary. The likelihood that simulations reproduce theeobsd light curves de-
pends on parameter choice, so the latter can be fitted. Anafiproach to direct
modeling (Leeet al. 2005) is less general, since it only attempts to define few mi-
crolens masses and positions, responsible for particigarrhagnification events.

In this paper we examine various statistical charactegsdf simulated mi-
crolensing light curves. The simulations use the paramaiéiSchneideget al.
(1988) describing the four images of Q2237+0305 within trecralens model.
While this model fixes the total surface mass density of thsifey galaxy at the
positions of images, the amounts of matter in smooth andetesdistributions are
not independently restricted and we use different mixtufethe two. The con-
struction of magnification maps by a ray shooting methed,(Kayser, Refsdal
and Stabel 1986, Padagki 1986, Wambsganss 1990) is the main computational
burden of our approach. The convolution with the source fgrofing fast Fourier
transform (hereaftefFT) coded by Presst al. (1992) and various characteristics
of the simulated light curves are much less time consuming.ave looking for a
simple statistical characteristic of the simulated ligimves, which depends on the
source size and duration of observations, which showsrdiffees between various
images of Q2237+0305 and is easy to compare with obsenratiata. We try
several approaches calculating magnification histogravitstbnsonet al. 2005),
autocorrelation of light curvese(g, Seitz, Wambsganss and Schneider 1994), and
the dependence of the variability amplitude on observatme (Gil-Merinoet al.
2005).

In the next Section we describe the simulations of amplificetnaps and the
methods of obtaining synthetic light curves. Section 3 dbss statistical charac-
teristics of the light curves and contains several plotsvhg their dependence on
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model parameters. As an example we compare our predictioveriability am-
plitude for various Q2237+0305 images with (not fully cadited) observations of
OGLE III. The discussion of the prospects of statisticalrapph to observations
of QSO microlensing follows in the last Section.

2. Simulations

We use the macrolens model of Schneigleal. (1988), which gives the dimen-
sionless surface mass densitigsand values of sheay; at the images positions.
The surface mass densities of stars< k; are not given by the macrolens model
and we consider three different values for each of them/k; € {1,0.5,0.25}, as-
suming that it is the same for all images. In the simulatiorsuse the microlenses
of limited range of massesr(< [0.1 My, 1 M) with the Salpeter mass function.

We use the standard angular diameter distances in the atarome cosmo-
logical model with dimensionless mass dengity, = 0.3, cosmological constant
Qa = 0.7, and the Hubble constahly = 70 km/s Mpc. (For our purposes the pre-
cise values of cosmological parameters have no meaningthEgalaxy redshift
2. = 0.039 and the source redshif§ = 1.69, the distances between the observer,
lens and the source afgy = 152 Mpc,D s = 1607 Mpc, andDos= 1666 Mpc
respectively. For a microlens makg the Einstein ring angular size is given as

4GM D.s M
O =4/— ~ 7uas 1
*~\V & DoDos ha \/ Mg @)

and in the source plane it correspondso= DosOk ~ 0.06,/M /M, pc.

In the calculations we employ the standard ray-shootinghotete.g, Kayser
et al. 1986). We construct microlensing maps with the resolutibh024 by 1024
pixels, covering a square region in the source plane of angite 40uas, which
corresponds te= 0.32 pc. For the characteristic relative source — lens vetaxfit
5000 km/s as measured in the source plane, it would take &doyears to cross
the width of the map.

For each QSO image and each choice of surface mass densigrsxs we
repeat simulations 8 times, obtaining 8 different raw nlienging maps, each rep-
resented by a matriA(i, j). The rays are shot into a region in the lens plane which
is much larger than the resulting maps (0.5 mas on a sideghwhiduces the num-
ber of omitted rays (rays, which would arrive at the map ragiothe source plane
after deflection in the lens plane outside the shooting regim= 1%.

The amplification maps for sources of given size and shapetdaéned by con-
volution of the raw maps with the source surface brightnesslp, represented by
a matrix| (i, j). As already mentioned above, we follow the conclusion of tdier
sonet al. (2005) considering only one parameter family of source$ aussian
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shape and different sizes

2 4 y2
1xy) ~exp( -2 ) @
wherers is the source size parameter. The convolution can be peemith the
help of FFT algorithm €f. Mortonsonet al. 2005), denoted here by symbol:

A=F H(FA)*F()) (3)

where 4 stands for a convolved magnification map defined on the grigk don-
volved map can be expressed in magnitudgs—= —2.5 Ig(4) and by bilinear
interpolation one can obtain a two parameter functidrix,y) extending the map
to all locations in the region of original map. The motionleétjuasar in the source
plane can be represented by patkgs), y;(s)) — separately for each of the images
J € {A,B,C,D}. The parametes measures the length along the trajectory. The
light curve of the imagé) is given by:

my(t) = mo(t) + M (X(s(t)), ya(s(t))) (4)

wheremy(t) represents the source apparent magnitude one would mestsiine
absence of lensing.

According to the macrolens model (Schneiéeral. 1988) all the images are
stretched out azimuthally. In our parametrization theseatso the directions of the
X axes on our magnification maps. Suppose the path of the smlatize to thex
axis on image A map is denotdti. Due to the relative orientations of images one
has approximatelycf. Gil-Merino et al.2005) B¢ = Ba+ 90", Bg = Ba+ 180, and
Bo = Ba+27C. (Trajectories parallel for opposite images and perpandicfor
the next to each other). On the other hand the starting pofrgsurce trajectories
on different maps are completely unrelated.

3. ThePropertiesof the Synthetic Light Curves

We employ a simplified approach neglecting the internal gueariability, and
considering each of the images separately. The propeitiggedight curves are
likely to depend on the duration of observation. To mimistioperty we consider
simulated paths of the source of different lengths. The éshgath we consider
equals half of the map side. Such a path can always be plasettithe map if
its middle point belongs to the central square region of tltag mwith a side two
times shorter than the whole map. We find such paths chods@igmiddle points
at random from the allowed region and giving them directfjyn Every path can
be subdivided into smaller fragments. We consider pathemgths in the range
s€ [0.0050.16] pc and investigate various statistical properties of trsmeiated
light curves for each path length separately.



Vol. 56 175

The amplitude of flux changes on a path of defined length isithplest char-
acteristic of variability. Using our simulations we calaté the probability distri-
bution for observing given flux amplitude. The distributsodepend on the path
lengths considered, the assumed surface mass densityrén sta image of in-
terest, the path direction, and the source size. The clearstat half-light radius
associated with a black hole of massl0? M, has the values ~ 2 x 10'° cm, so
it is probably sufficient to consider sources of the sizes [1,4] x 10 cm in re-
lation to Q2237+0305. We consider also larger sources, ttbefger mathematical
insight into the problem. Examples of cumulative probaypidlistributions of flux
amplitude for some parameter choices are shown in Fig. 1.
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Fig. 1. Cumulative probability distributions for flux amplde. All panels contain the case cor-
responding to image A, source path of length- 0.02 pc, the directiorfa = 30°, and source size
rs=2x 10'® cm. Results fok, = Kot are shown on all panels with thick lines, and far= 0.25 ot
—with thin lines. &) The dependence on path length (§ {0.01,0.02,0.04,0.08,0.16} pc — down
to top). b) The dependence on image considered (A — solid line, B —dlo@e- short dashed, D
— long dashed).d} The dependence on the source size=f {1,2, 4,8} x 10'® cm — top to down).
(d) The dependence on the path directifa € {0°,30°,60°,90°} — down to top).

Inspection of panel (a) shows that the median flux amplitudeeiases with
the path length as expected. The dependence on the images(bjsrfrom the
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choice of the path directions for the plots. For this pattcichoice Ba = 30°,
Bs = 210, Bc = 120, and Bp = 300) the paths C and D meet caustics more
frequently as compared to A and B. Different choice of dits may result in
different order of the plots. Thus changing the directiore oan change the relative
amplitudes of flux changes in the pair of images A,B as comp&reC,D. The
increase of microlensing induced variability with decliegssource size (c) and
with increasing angle between the source path and sheatidingd) are also as
expected.

We also present probability distributions that a given imafa source of given
size, on a path of given length and direction, is magnified lgyvan amount as
compared to the trajectory-averaged value. Examples axgrshn Fig. 2.
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Fig. 2. Probability distributions for excess magnificatiefative to trajectory-averaged value. (Pos-
itive abscissa values correspond to images brighter tharage.) The conventions and cases shown
are the same as for Fig. 1. The curves plotted correspondrioatiaed probability distributions;
shifting the curves vertically so they all cross the sameipati M = () would restore the ordering

of plots seen in Fig.1.

There are significant differences between the plots obdsimedifferent model
parameter choices, so comparison with magnification digtion of the observed
light curves should give at least some limitations on patanse
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Next we examine correlations between magnification valueasured on a
source path and taken at two points separated by a disthnéée define the 1D
autocorrelation function for source magnification as:

_ {(Am(s) Am(s+d))
= (5)

where Am here stands for a magnification relative to the average rfiagtion
along the path. The averaging in the numerator proceedsregbect to all pos-
sible pairs of points with given separation belonging to ¢besidered trajectory,
and then with respect to all possible trajectories with gid&rection on all maps
related to given image, and representing magnification feowace of given size.
The averaging in the denominator is similar, with all poib&donging to a trajec-
tory replacing all pairs. The examples of autocorrelationction dependence on
various model parameters are shown in Fig. 3.

The dependence of correlations between source magnificatifferent points
along a trajectory on model parameters is more complicdtaxd for the flux vari-
ations amplitude. Panel (c) shows that the dependence @otinee size is practi-
cally nonexistent (except fat < rg). Dependencies on the image, trajectory direc-
tion, and mass density in stars are not easy to separate.

The expected change of magnification after traveling adcstd is expressible
with the help of autocorrelation function:

((M(s+d) —m(s))?) = 2(An?) (1—&(d)) (6)

and the above relation is probably the easiest way to olitaistiape of the correla-
tion function from observations. The measurements are dbRrown instants of
time, so the relative source — lens velocity serves as angcédctor between time
and path intervals.

Using the flux amplitude statistics one can try to fit some efriiodel param-
eters to actual observations. For fixed source sizpath lengths, path direction
Ba, and surface mass density in stais the probability distributions of flux am-
plitudes p;(Am) for all four images are given by simulations. We do not show
explicitly the dependence of probabilities on parametdrictvare kept constant to
shorten the notation. One can find the most likely valueArof'®* corresponding
to the maxima of their probability distributions. Since thistributions obtained in
simulations may not be smooth, and because the observedzeglare measured
with a typical error ofdm~ 0.1 mag, it is safer to use filtered quantities. We define
the smoothed probability distributiop; as:

By (Bm) = / dAnT py(AnT) f(AnT,Am) (7)

where we use a Gaussian — shaped filter:

(AnYAm)2>‘

f(Am,Am) = exp(— 52
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Fig. 3. 1D autocorrelation function for relative source méigation. We use logarithmic ordinate
to better separate the plots. Results kqr= Kkiot are shown on all panels with thick lines, and for
K. = 0.25ktot — with thin lines. &) The dependence on image considered (A — solid line, B —dlotte
C - short dashed, D — long dashed) fix = 0°, andrs = 2 x 10®> cm. (b)) Same as in (a) but for
Ba = 9C°. (This time trajectories are perpendicular to shear in ABndnd parallel in images C and
D). (c) The dependence on the source size= {1,2,4,8} x 10> cm — down to top) for image A
and path directiorBy = 30°. (d) The dependence on the path directi@ia € {0°,30°,60°,90°}) for
image A and source sizg = 2 x 10%° cm.

o

For any set of simulation parameters and measured flux aJdplsi;ArTﬁbS, one can
find the likelihood function:

L(rs,S,Ba,K.) = PA(AMR®S) Pe(AME®S) Pic(AMS) fip (AmEDS) (9)

where the dependence on simulation parameters is impliail the expressions in
the RHS. Maximizing likelihoodZ gives the best values for parameters.

4. An Example: Preliminary Fit to Five Years Amplitude M easurements

To give an example we use the Q2237+0305 light curves olutdigeOGLE
team in seasons 2001-2006. The data are not fully calibseedand probably
would not be useful for more sophisticated tests, but we weddfour light curve
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amplitudes to look for model parameters maximizing theliil@d. Examination
of the data givesAm; = 0.62, 1.01, 0.41, and 0.32 for images A, B, C, and D
respectively.
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Fig. 4. Low resolution maps of likelihood functions shown(sBa) plane for: rs = 2 x 1015 cm
(upper row, 4x 105 cm (middle row, 8x 1015 cm (ower row), and for: K, = 0.25k (left
column, K, = 0.5ktot (middle columi, and K. = Kot (right column. For each panel the dotted
lines correspond to contours drawn{.1,0.2,...,0.9} of the maximum value, and solid lines — to
{exp(—0.5),exp(—2.)} of maximum. The thick contours approximate one and two sigomdidence
regions for single parameter estimation.

We follow the procedure described in the previous Sectideutating the like-
lihood function for wide ranges of parameters. We considgh pengths in full
range allowed by the size of magnification maps. We include aburces of un-
reasonably large sizes (up to 80 cm) to investigate broad sample of models.
The path directions are defined By < [0°,90°], andK, /Kot € {0.25,0.5,1}.

For "typical" parameters we obtain synthetic light curvaghvamplitudes sig-
nificantly higher than the measured values. For very largecsosizes this discrep-
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ancy is diminished, since the synthetic light curves areathrex out. This kind of
fit requires, however, unreasonably large source sizeshdre in conflict with the
observed fast flux changes. Using the results of early worthersubject (RB91,
JWP92) we limit ourselves to sources withe {2,4,8} x 10'° cm. Using these
prior values ofrs, we explore the likelihood dependence on other parameters.

The number ok, andrg values considered is rather limited. We show in Fig. 4
the dependence of likelihood values on the other paramigtatis lengths and path
directiona) for threek, and threerg values.

In all cases shown the preferred path direction is givenBay= 90°, which
means that the variability in images A and B is produced bysitherce moving
perpendicularly to the majority of caustics, and in C and Dn-parallel. The
dependence of likelihood values @ is rather weak and in some cases even the
one sigma confidence regions reach Bor the path lengtls the limits are more
useful, and the preferred values are only weakly correlaitigld other parameters.
Examination of maps in Fig. 4 gives a rough estimate: 0.024+0.01 pc, which
corresponds to the source five year travel with the velosi$000+ 2000 km/s.

The dependence of likelihood value on surface mass derigég g weak pref-
erence toK, = Kiot, but other values considered are within one sigma confidence
region.

5. Discussion

We have obtained several microlensing maps relevant toeésag B, C, and
D of Q2237+0305, using the macrolens parameters of Schneids. (1988). We
have considered three possible values of the stars cotitribto the surface mass
density in the lensing galaxx.. /Kt = 0.25, 0.5, and 1. We have investigated the
microlensing induced variability of the source imagestetiato the source motion
along paths of different direction and length. We have aistuded the dependence
of the results on the source size.

We present several statistical characteristics of micgifeg induced variability
based on the investigation of the synthetic light curvesioletd in our simulations.
The simplest of all is the dependence of variability ampl&wn the direction and
length of path traveled by the source. This characteristiceasily be tested — see
below. We also present probability distributions of relatmagnification of the
source on a given path, and the shapes of magnification autation functions
along given direction. The tests involving probabilitytdisutions and/or autocor-
relations require large amount of well reduced data, andkigetiem to the next
paper.

We present a simple test confronting the observed and siatlbaariability
amplitudes of the four Q2237+0305 images. For "typical" elguarameters the
predicted variability amplitudes are larger than measufed not excluded, that
the real variability is in fact higher, since there are adfsonal gaps in the obser-
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vations lasting typically a few months, however we do notsider this possibility
to be of high importance.

Formally one may avoid the apparent contradiction considea very large
source. Since the simulated light curves are obtained agtdions of microlens-
ing maps with source profiles, large sources smooth out thpsheavering the am-
plitudes of variability. Our fits show, however, that fordar sources the preferred
length of source path becomes longer, but the increase ik slawer than for the
source size. That means that the characteristic time intwthie source travels the
distance similar to its size is longer, and the short timéaimlity becomes slower,
contradicting observation®(g, RB91). To avoid this contradiction we consider
only "small" sources withrs < 8 x 10° cm (RB91, JWP92). The preferred length
of the source path in five years given by our test is 0.02+ 0.01 pc, which cor-
responds to the source velocity 4000+ 2000 km/s. Such source velocity can
result from=: 10 times slower peculiar motion of the lensing galaxyat0 times
shorter distance. This result is in agreement with the uppgt on the lens bulk
velocity obtained by Gil-Merinet al. (2005) for microlenses of the mass 0.1M
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