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Why model selection?

* Better fit vs. simpler model
* Model evidence ratio (Bayes factor)

B = In[p(y|M1)/p(y|M,)]

* Evidence and normalization for every model needed

* Finefor 2, 3, ...
e Brutal for 100



How to get a full
posterior p(M|y) over all
models without
exhaustive search?



Bayes theorem for parameters

L(y|0,M)rt(6|M)
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p(y|M) = j d"6 L(y|0,M)n(0|M)



Bayesian model selection
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MCMC over model space

Like for parameters, Metropolis-Hastings walk through model space

Transition probability Mi — M;:
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MCMC conditions

1. Ergodicity — each state is reachable in finite number of steps

2. Detailed balance -"time reversibility"

symmetric proposal distribution Asymmetric distribution
g(M; M) =g(M;|M;) g(M;IM;) = 8(M; [M))



Acceptance probability
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Model Degree of Freedom (n)
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Model Degree of Freedom (n)
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Rescaled proposal function  $MilM;) 7 g(M;|[M;)

g(jli) =c;;8(jli) = const. = c;_,; g(ilj) = g(ilj) Vi,j,

g(jli) = g(M;|M;)
Ci—)*j






Binary keys

k=(0,1,1)



Priors

m(0|M;) m(M;)



Model priors
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Algorithm 1 Markov Walk Exploration of Model Spaces

Require: Initial model M ) data y, model prior (M), parameter priors (6 | M), Poisson rate
A, number of iterations N
Ensure: Empirical estimate of p(M | y)
1: Initialize storage for evidence estimates {p(y | M)}
2: fort=1to N do
3: My < M
Draw K ~ Poisson(A)
Mpl'[)p — MCUII"
fork=1toK do
Propose a single-edge move M

) prop
Mprop — M

if p(y | Mpyop) not computed then
10: Compute p(y | Mp,,p) (e.g. via nested sampling)

— M’ among its neighbors

N A -~

11: Compute Hastings ratio:

. ﬁ'(y ‘ Mprop) ﬂ(Mprop) g(Mcurr ‘ Mprop)

"7 PO  Maur) M) 8(Miprop | Megr)
12: A« min{1,r}
13: Draw u ~ Uniform(0, 1)
14: if u < A then
15: M — My,
16: else
17: M — My

18: return Empirical frequencies of {M?} as estimate of p(M | y)




Toy model 1 __ Al pa
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Polynomial
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Toy model

Polynomial

Three datasets with O — [1, 0]_, 001]

* For each model random choice whether a monomial is present or not

* Every 40 points allowed maximal polynomial degree increases (up to 5 for 200 points)



Toy model 1 __ Al pa
y yModel = A ae y

Polynomial

Normalised Root Mean Square Error (NRMSE)
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Toy model

Data Noise
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Application to cosmology: la supernovae

Friedmann-Lemaitre-Robertson-Walker spacetimes

W(a)=W0+wl(1—a)+%(1—@2 Z—ljl a)
— J!

For a given Hubble function:
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Parameter Prio
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Posterior
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Conclusions

* Generalizes pairwise Bayes factor comparison to full model posteriors
* Efficient: skips bad models, reuses computed evidences

* Only polynomial models considered

* Sensitivity to prior choice on parameters non-trivial

* Prior choice of (M, ) - should follow principle of maximised entropy
similarly as in the choice of (0|M; )



Partition function

Z[B,JIM] = f d"6 [L(y|6, M)n(6|M) exp(J,6)]" ,

N
f=1andJ =0

N

‘Bayesian evidence r0IM)= J d"6 L(y|6, M)r(6]M)

F(B,J|M) = —%an[ﬁ,JlM] =) p(O|y,M)

Helmholtz free energy



Canonical partitions on model spaces

Y[{]= Z[p(.ylMi)ﬂ(Mi)]C y Partition of partition
i : C
N 4 Y[C,ﬁ]=Z( d"0 [L(y|0, M)m(0]M;)]” ﬂ(Mi))
C — ]_ | > i \J
v = ZIBIMIn(M)) ,

Model evidence P)= Zp(ylMi)ﬂ:(Mi)



Entropy, specific heat

Thermodynamic potential: Specific heat:

oS
1 C === =(In® p(Miy)) — (Inp(M;]y))’ =1,
() =—=InY[Z] 57 = (0 p(M1y)) = (InpMily)* e ¢
C Related partition: @
Entropy: @ Y’[C] — Zp(ylMl)Cﬂ:(Ml)(g‘Fl/C)/z
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Shannon’s information entropy AS = Zp(Ml.|y)1np(Mi|y) at C: 1, Q
(M

S == p(Mly)Inp(Mly) = (Inp(Mily)) at {=1.



For binary keys
Y[,K]= D, [p(yIK)n(x)] exp((K k%),

keyspace

0 InY[{,K] 2ukeyspace P(K*|Y)K"
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